In this paper, it is shown that the graph T 4 (p, q, r) is determined by its Laplacian spectrum and there are no two non-isomorphic such graphs which are cospectral with respect to adjacency spectrum.
Introduction
Graphs considered in this paper are undirected graphs without loops and multiple edges. Let G be a simple graph with n vertices. Denote by A(G) and D(G) the adjacency matrix and the diagonal matrix with the vertex degrees of G on the diagonal, respectively. The matrix L(G) = D(G) − A(G) is called the Laplacian matrix of G. Denote by P (G, λ) the adjacency polynomial det(λI − A(G)) of G. The multiset of eigenvalues of A(G) (resp., L(G)) is called the adjacency (resp., Laplacian) spectrum of G. Since A(G) and L(G) are real symmetric matrices, their eigenvalues are real numbers. So we can assume that λ 1 ≥ λ 2 ≥ · · · ≥ λ n and µ 1 ≥ µ 2 ≥ · · · ≥ µ n are the adjacency eigenvalues and the Laplacian eigenvalues of G, respectively. Two graphs are said to be cospectral with respect to the adjacency (resp. Laplacian) spectrum if they have the same adjacency (resp. Laplacian) spectrum. A graph is said to be determined by its adjacency (resp., Laplacian) spectrum if there is no other non-isomorphic graph with the same adjacency (resp., Laplacian) spectrum. Determining what kinds of graphs are determined is an old problem, which is far from resolved, in the theory of graph spectra. In their paper [4] , the authors conjectured that almost all graphs are determined by their spectrum. However, it seems hard to prove a graph to be determined by its spectrum and only a few graphs have been proved to be determined by their spectrum. Therefore it would be interesting to find more examples of graphs which are determined by their spectrum. For the background on this problem and related topics, the reader can consult [4, 5] . For more recent results which have not been cited in [4, 5] , we refer to [2, 10, 11, 12, 14] and their references for details.
Because the problem above is very hard to deal with, van Dam and Haemers [4] suggested a modest problem, say, "which trees are determined by their spectrum?" This paper will give a complete answer to this modified problem for a class of special trees.
As usual, we denote by P k the path with k vertices. Let G be a graph. Denote by L(G) the line graph of G. We denote by T 4 (p, q, r) the graph shown in Fig. 1 . T 4 (p, q, r) is a tree with 4 vertices of degree 3. For a T 4 (p, q, r) graph, we always assume that 1 ≤ p ≤ q ≤ r. The reader is referred to [1] for any undefined notion and terminology on graphs in this paper. In this paper we will show that T 4 (p, q, r) is determined by its Laplacian spectrum and there are no two non-isomorphic graphs which are cospectral with respect to adjacency spectrum.
Let N G (H) be the number of subgraphs of a graph G which is isomorphic to H and let N G (i) be the number of closed walks of length i of G. Fig. 2 ).
Lemma 2.6 ( [8] ) Let G be a graph with V (G) = ∅ and E(G) = ∅. Then 
For the sake of convenience, denote P (P r , λ) by p r = p r (λ). For convenience's sake, let p 0 = 1, p −1 = 0 and p −2 = −1. 3 T 4 (p, q, r) is determined by its Laplacian spectra
In this section, we will show that T 4 (p, q, r) is determined by its Laplacian spectrum. To this aim, we need to compute the characteristic polynomial of the line graph L(T 4 (p, q, r) of T 4 (p, q, r). By using Lemma 2.7 with v being the vertices of degree three, we have
Combining with Lemma 2.8 and using Maple, we have
where n = p + q + r + 7, x satisfies x 2 − λx + 1 = 0 and
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−2 x 2 r+8 + 9 x 2 q+9 + 9 x 2 r+9 + 20 x 2 q+10 + 20
In view of point above, if two graphs T 4 (p, q, r) and T 4 (p ′ , q ′ , r ′ ) are cospectral with respect to Laplacian spectrum, then L(T 4 (p, q, r)) and L(T 4 (p ′ , q ′ , r ′ )) are cospectral with respect to adjacency spectrum, hence p + q + r = p
Lemma 3.1 No two non-isomorphism graphs T 4 (p, q, r) are cospectral with respect to Laplacian spectrum.
Proof. Suppose that G = T 4 (p, q, r) and
are cospectral with respect to Laplacian spectrum. Then G and G ′ have the same number of vertices and so
On the other hand, by Lemma 2.1, L(G) and L(G ′ ) are cospectral with respect to adjacency spectrum, so they have the same number of closed walks of any length, especially of length 5. Hence L(G) and L(G ′ ) have the same number of G 1 in it by Lemma 2.5 (ii).
) and L(T 4 (1, 1, r ′′ )) are noncospectral with each other with respect to adjacency spectrum. It follows from Lemma 2.1 that T 4 (p, q, r), T 4 (1, q ′ , r ′ ) and T 4 (1, 1, r ′′ ) are non-cospectral with each other with respect to Laplacian spectrum.
Suppose that G = T 4 (p, q, r) with p > 1. Then
It is easy to see that r = r ′ since G and G ′ have the same number of vertices. Hence G is isomorphic to G ′ . Up to now, we have completed the proof of the lemma. Proof. Let H be any graph cospectral to G with respect to Laplacian spectrum. Then by Lemma 2.4 (i) and (ii), H is also a tree. Clearly, ∆(G) ≤ 4 by Lemmas 2.6. Let x i and y i be the numbers of vertices of degree i in G and H, respectively. It follows from Lemmas 2.4 and 2.10 that        x 1 + x 2 + x 3 + x 4 = y 1 + y 2 + y 3 + y 4 , x 1 + 2x 2 + 3x 3 + 4x 4 = y 1 + 2y 2 + 3y 3 + 4y 4 , x 1 + 4x 2 + 9x 3 + 16x 4 = y 1 + 4y 2 + 9y 3 + 16y 4 , x 1 + 8x 2 + 27x 3 + 64x 4 = y 1 + 8y 2 + 27y 3 + 64y 4 .
It implies that y i = x i for i = 1, 2, 3, 4. Hence the degree sequence of H is determined by its Laplacian spectrum. Corollary 3.3 Let G = T 4 (p, q, r) and H be a graph cospectral to G with respect to Laplacian spectrum. Then H has the same degree sequence as G.
Proof. Since G is a tree and µ 1 (G) < 4.9 by Lemma 2.6, the result is followed immediately from Lemma 3.2.
Lemma 3.4 Let G = T 4 (p, q, r) and H be a graph cospectral to G with respect to Laplacian spectrum. Then H = H 1 or H = H 2 (see Fig. 3 ) for some l i , k i ≥ 1 for i = 1, . . . , 6 and Fig. 3 ).
Proof. From Lemma 2.4 and Corollary 3.3, we know H is a tree, having 4 vertices of degree 3, 6 vertices of degree 1 and other vertices of degree 2. So either all vertices of degree 3 lie on a path or exactly 3 vertices of degree 3 lie on a path and no cycle. Hence H = H 1 or H = H 2 (see Fig. 3 ) for some l i , k i ≥ 1 for i = 1, . . . , 6 and s j , t j ≥ 0 for j = 1, 2, 3. Fig. 4 
This contradicts the fact that L(H) and L(G) are cospectral with respect to adjacency spectrum.
If L(H) = L(H 2 ), then k i = 1 and t j > 0 for i = 1, . . . , 6 and j = 1, 2, 3 since L(H) has no vertex of degree 1 and 4. It implies that
Lemma 3.6 Let G = T 4 (1, q, r) with q > 1. Then G is determined by its Laplacian spectrum.
Proof. Let H be a graph cospectral to G with respect to Laplacian spectrum. Then L(H) and L(G) are cospectral with respect to adjacency spectrum by Lemma 2. Suppose that y 4 = 0. Then (y 1 , y 2 , y 3 , y 4 ) = (1, m − 8, 7, 0) , that is, L(H) has exactly one vertex of degree 1, m − 8 vertices of degree 2, 7 vertices of degree 3 and no vertex of degree Fig. 3 ), we always have (5) . This contradicts the fact that L(H) and L(G) are cospectral with respect to adjacency spectrum.
Suppose that y 4 = 1. Then (y 1 , y 2 , y 3 , Fig. 4) . Clearly,
However, It follows from Lemma 2.5 (iii) that N L(G) (7) = N L(H) (7) . This contradicts the fact that L(H) and L(G) are cospectral with respect to adjacency spectrum.
If (5) . This contradicts the fact that L(H) and L(G) are cospectral with respect to adjacency spectrum.
Suppose that y 4 = 1. Then (y 1 , y 2 , y 3 , y 4 ) = (1, m − 7, 5, 1), that is, L(H) has 1 vertex of degree 1 , m−10 vertices of degree 2, 8 vertices of degree 3 and 1 vertex of degree 4. Whether
Suppose that y 4 = 2. Then (y 1 , y 2 , y 3 , Fig. 4 ). Clearly,
However,
It follows from Lemma 2.5 (iii) that N L(G) (7) = N L(H) (7) . This contradicts the fact that L(H) and L(G) are cospectral with respect to adjacency spectrum.
If 1, 1, r) by Lemma 3.1. G = T 4 (1, 1, 1) . Then G is determined by its Laplacian spectrum.
Lemma 3.8 Let
Proof. Let H be a graph cospectral to G with respect to Laplacian spectrum. By Lemma 3.2, the degree sequence of H is (3, 3, 3, 3, 1, 1, 1, 1, 1, 1) , so H is isomorphic to a centipede graph or T 4 (1, 1, 1) . By Lemma 2.9, the centipede is determined by its Laplacian spectrum. Hence H ∼ = T 4 (1, 1, 1). Now we may give our main result in this section.
Theorem 3.9 T 4 (p, q, r) is determined by its Laplacian spectrum.
Proof. It follows from Lemmas 3.5, 3.6, 3.7 and 3.8.
Recall from [15] that the Laplacian eigenvalues of the complement of a graph G are completely determined by the Laplacian eigenvalues of G. As a direct consequence of Theorem 3.9, we have 4 Adjacency spectral characterization of T 4 (p, q, r)
In this section, we will study the adjacency spectral characterization of T 4 (p, q, r). It will be shown that there is no two non-isomorphism graphs T 4 (p, q, r) are cospectral with respect to adjacency spectrum.
Using Lemma 2.7 with v being the vertices of degree 3, we can compute the characteristic polynomial of T 4 (p, q, r) in terms of the characteristic polynomials of paths. Put f r = λ(p r+1 − p r−1 ) for any integer r. Then we have , if p = q = r = 1, λp 2 p 2 f r − 2λ 2 p 2 f r − p 2 2 f r−1 , if 1 = p = q < r, λp 2 f q f r − λ 2 f q f r − p 2 f q−1 f r − p 2 f q f r−1 , if 1 = p < q ≤ r, λf q f p f r − f q−1 f p f r − f q f p−1 f r − f q f p f r−1 , if 2 ≤ p ≤ q ≤ r.
Let n = p + q + r + 7 and φ(p, q, r) = x n (x 2 − 1) 3 P (T 4 (p, q, r), λ). By Lemma 2.8, we have φ(p, q, r)) =      C 1 (n; x), if 1 = p = q < r, C 2 (n; x) + U(1, q, r; x), if 1 = p < q ≤ r, C 3 (n; x) + U(p, q, r; x), if 2 ≤ p ≤ q ≤ r, 
